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Abstract 

In this article, we construct both the axialvector-diquark-axialvector-diquark-antiquark 
type and axialvector-diquark-scalar-diquark-antiquark type interpolating currents, then cal¬ 
culate the contributions of the vacnum condensates up to dimension-10 in the operator product 
expansion, and study the masses and pole residues of the | hidden-charm pentaquark 

states with the QCD sum rules in a systematic way. In calculations, we use the formula 
/i = \/Mp — (2Mc)^ to determine the energy scales of the QCD spectral densities. We take 
into account the SU{3) breaking effects of the light quarks, and obtain the masses of the 
hidden-charm pentaquark states with the strangeness S' = 0, —1, —2, —3, which can be con¬ 
fronted with the experimental data in the future. 
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1 Introduction 

Recently, the LHCb collaboration studied the A° —>• J/il}K~p decays, and observed two pentaquark 
candidates Pc (4380) and Pc (4450) in the J/il’P mass spectrum with the significances of more 
than 9tT [I]. The measured masses and widths are = 4380 ± 8 ± 29MeV, Mp^(445o) = 

4449.8±1.7±2.5 MeV, rp,,(438o) = 205±18±86MeV, and rp_,(445o) = 39±5±19MeV, respectively. 
The decays Pc(4380) —>■ J/4’P take place through relative S-wave while the decays Pc(4450) —>■ J/'ijjp 
take place through relative P-wave, the decays Pc(4380) J/ipp are kinematically favored and the 
Pc(4380) has larger width. The preferred spin-parity of the Pc(4380) and Pc(4450) are = | and 
I"*", respectively. There have been several attempted assignments, such as the ScP*, S*Z)*, XciP, 
J/'0iV(144O), J/V'iV(1520) molecule-like pentaquark states [2] (or not the molecular pentaquark 
states i), the diquark-diquark-antiquark type pentaquark states [HElEllillHlIIlIlo], the diquark- 
triquark type pentaquark states m, re-scattering effects [12], etc. 

The quarks have color SU{3) symmetry, we can construct the pentaquark configurations ac¬ 
cording to the routine quark —?> diquark —>■ pentaquark, 

(303)0(303)03 = (3©6) O (3© 6 ) O 3 = 30 303© •• • = 1 © • •• , (1) 

where the 1, 3 (3) and 6 denote the color singlet, triplet (antitriplet) and sextet, respectively. The 
diquarks qJCVq'f. have hve structures in Dirac spinor space, where CP = C75, C, and 

Ccr^i/ for the scalar, pseudoscalar, vector, axialvector and tensor diquarks, respectively, and the 
j and k are color indexes. The attractive interactions of one-gluon exchange favor formation of 
the diquarks in color antitriplet 3c, flavor antitriplet 3/ and spin singlet Ig [13] . while the favored 
configurations are the scalar (Cys) and axialvector (Cy^,) diquark states [Ml[15]. The calculations 
based on the QCD sum rules indicate that the heavy-light scalar and axialvector diquark states 
have almost degenerate masses [14], while the masses of the light axialvector diquark states lie 
(150 — 200) MeV above that of the light scalar diquark states [TS], if they have the same quark 
constituents. 

In Refs. [7] |S], we choose the light scalar diquark and heavy axialvector diquark (or heavy 
scalar diquark) as the basic constituents, construct both the scalar-diquark-axialvector-diquark- 
antiquark type and scalar-diquark-scalar-diquark-antiquark type interpolating currents, which are 
supposed to couple potentially to the lowest pentaquark states according to the light scalar diquark 
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constituent m, then calculate the contributions of the vacuum condensates up to dimension-10 
in the operator product expansion and study the masses and pole residues of the = | , 
I"*" and hidden-charm pentaquark states with the QCD sum rules. The numerical results 
favor assigning the Pc(4380) and Pc(4450) to be the | and I"*" diquark-diquark-antiquark type 
pentaquark states, respectively [7]. In Ref. [7], we take the energy scale formula ^ = \/M'p — (2Mc)^ 
to determine the energy scales of the QCD spectral densities, the resulting pole contributions are 
about (40 — 60)%, and the contributions of the vacuum condensates of dimension 10 are less 
than 5%, the two criteria (pole dominance at the phenomenological side and convergence of the 
operator product expansion) of the conventional QCD sum rules can be satisfied. Now we extend 
our previous work to study the ^ hidden-charm pentaquark states in a systematic way, where 
the energy scale formula /j, = M'p — (2Mc)^ serves as an additional constraint on the predicted 
masses. All the predictions can be confronted with the experimental data in the future, and the 
assignments of the Pc(4380) and Pc(4450) in the scenario of the diquark-diquark-antiquark type 
pentaquark states can be testified. 

In this article, we take the light axialvector diquarks and heavy axialvector diquarks (and heavy 
scalar diquarks) as the basic constituents, and study the axialvector-diquark-axialvector-diquark- 
antiquark type and axialvector-diquark-scalar-diquark-antiquark type pentaquark configurations. 
Now we illustrate how to construct the pentaquark configurations in the diquark-diquark-antiquark 
model according to the spin-parity , 
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where the 1“ denotes the contribution of the additional P-wave to the spin-parity, the subscripts 
Q1Q2, 93C, • • • denote the quark constituents. The quark and antiquark have opposite parity, we 
usually take it for granted that the quarks have positive parity while the antiquarks have negative 
parity, so the c-quark has ^ . 

In this article, we study the pentaquark states with the underlined spin-parity 
are supposed to be the lowest pentaquark states with the light axialvector diquarks. We construct 
both the axialvector-diquark-axialvector-diquark-antiquark type and axialvector-diquark-scalar- 
diquark-antiquark type currents J(x) = according to Eqs.(2-3), where the superscripts 

Jl and jn denote the spins of the light diquark and heavy diquark, respectively, the subscripts qi, 
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< 72 , <73 denote the light quark constituents. We calculate the vacuum condensate up to dimension-10 
in the operator product expansion, and study the masses and pole residues of the lowest pentaquark 
states in a systematic way. 

The article is arranged as follows: we derive the QCD sum rules for the masses and pole residues 
of the ^ pentaquark states in Sect.2; in Sect.3, we present the numerical results and discussions; 
and Sect.4 is reserved for our conclusion. 


2 QCD sum rules for the pentaquark states 

We write down the two-point correlation functions QCD sum rules, 
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the i, j, k, I, m, n and a are color indices, the C is the charge conjugation matrix. In the 
currents Jq^^q^ix), the light axialvector diquark combines with the heavy scalar diquark to form 
a tetraquark with = 1+ in color triplet according to Eq.(2), while in the currents Jllq^q^^ix), 
the light axialvector diquark combines with the heavy axialvector diquark to form a tetraquark 
with = 0+ in color triplet according to Eq.(3). Then they couple with the antiquark to form 
pentaquark states with = i in color singlet. In this article, we take the isospin limit, and 
classify the currents couple to the pentaquark states with degenerate masses into the following 8 
types. 
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In calculations, we choose the first current in each type. 

The currents have negative parity, and couple potentially to the ^ hidden-charm 

pentaquark states Pqiq -^3 ), where the superscript ^ denotes the total angular momentum of 
the anti-c-quark c. 
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the Xp are the pole residues, the spinors U {p, s) satisfy the Dirac equations ij/— Mp-)U {p, s) = 
0, the s are the polarization vectors of the pentaquark states. On the other hand, the currents 
(®) couple potentially to the hidden-charm pentaquark states Pqiq^s ( 5 ^) as mul¬ 
tiplying ^75 to the currents (a^) change their parity, 
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the spinors U^{p, s) (pole residues A^) have analogous properties [THl HZl HI [13 ■ We can study the 
i hidden-charm pentaquark states without introducing the additional P-wave explicitly, 
see Eqs.(4-5). 

We insert a complete set of intermediate pentaquark states with the same quantum numbers 
as the current operators J{x) and i^^J{x) into the correlation functions to obtain the 

hadronic representation [201121] . After isolating the pole terms of the lowest states of the hidden- 
charm pentaquark states, we obtain the following results: 
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where the M± are the masses of the lowest pentaquark states with the parity ±, respectively. 
Now we obtain the hadronic spectral densities through the dispersion relation. 
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where the subscript index H denotes the hadron side, then we introduce the weight function 
exp (—^) to obtain the QCD sum rules at the hadron side, 
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where the sq are the continuum threshold parameters and the are the Borel parameters. We sep¬ 
arate the contributions of the negative-parity (positive-parity) pentaquark states from the positive- 
parity (negative-parity) pentaquark states explicitly. 

In the following, we briefly outline the operator product expansion for the correlation functions 
^ 919^3 in perturbative QCD. Firstly, we contract the u, s and c quark fields in the correlation 
functions (p) with Wick theorem, and obtain the results: 
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and t” = ^, the A” is the Gell-Mann matrix , then compute the integrals both in the coordinate 
and momentum spaces to obtain the correlation functions ^^ 3(^)1 therefore the QCD spectral 
densities T^qiq^q^^^) quark level through the dispersion relation, 
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The explicit expressions of the pkT^^q^{s) and f^q'^^^qf^s) are given in the appendix. In Eq.(30), we 
retain the term {qjO^^qi) {{sjCFfivSi)) comes from the Fierz re-arrangement of the {gidj) {{siSj)) to 
absorb the gluons emitted from other quark lines to form {qjgsG'^pt'^^a^vqi) {{sj 9 sG'^pt'^^a^i,Si)) 
to extract the mixed condensate {qgsCrGq) {{sgsCrGs)). A number of terms involving the mixed 
condensates (qgsaGq) and (sgsCrGs) appear and play an important role in the QCD sum rules. 

Once the analytical QCD spectral densities P^^^^q-iis) and Pq^l^qs^^) obtained, we can take 
the quark-hadron duality below the continuum thresholds sq and introduce the weight function 
exp (—^) to obtain the following QCD sum rules: 
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where we take into account the contributions of the terms -Dqi -D 3 , -D 5 , D^, Dg and Dig, 
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In this article, we carry out the operator product expansion to the vacuum condensates up to 
dimension- 10 , and assume vacuum saturation for the higher dimension vacuum condensates. 

We differentiate Eqs.(33-34) with respect to then eliminate the pole residues Ap and obtain 
the QCD sum rules for the masses of the pentaquark states. 
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Once the masses Mp^± are obtained, we can take them as input parameters and obtain the pole 
residues from the QCD sum rules in Eqs.(33-34). The gluon condensates are associated with large 
numerical denominators, their contributions to total QCD spectral densities are less (or much less) 
than the contributions of the dimension 10 vacuum condensates Dig for the pentaquark currents 
with the axialvector diquark constituents [a n]. We obtain the masses through fractions, see 
Eqs.(36-37), the effects of the gluon condensates can be safely absorbed into the pole residues Ap 
and tiny effects on the masses can be safely neglected. 


3 Numerical results and discussions 


The vacuum condensates are taken to be the standard values (qq) = —(0.24 ± 0.01 GeV)^, (ss) = 
( 0.8 ± 0 . 1 )(gg), {qgsuGq) = mg{qq), {agsCfGs) = m§(ss), m§ = ( 0.8 ± 0 . 1 ) GeV^ at the energy 
scale /r = 1 GeV [20l [21] . The quark condensates and mixed quark condensates evolve with 


the renormalization group equation, {qq){p) 


{m){Q) 


a.{Q) 

Osip) 


, (ss)(/r) 


(ss)(Q) 




{qgs<jGq){p) = {qgs(jGq){Q) 


a.(Q) 

asi/J.) 


2 

27 


and {sgsaGs){g) = {sgsCrGs){Q) 


asiQ) 

asiG 


2 

27 


In the article, we take the MS masses mc{mc) = (1.275 ± 0.025) GeV and ms(/i = 2 GeV) = 
(0.095 ± 0.005) GeV from the Particle Data Group [22], and take into account the energy-scale 
dependence of the MS masses from the renormalization group equation. 


rricifJ.) 

rrisifi) 


TOc(mc) 


ms(2GeV) 


,{n) 


sirric) 




_as(2GeV)J ’ 

1 r feilogt b\{\og^ t - \ogt - 1) + hgbg 
































2S'i7— 5033 yj I 325 ^2 

b 2 = —— issX ^ = 213 MeV, 296 MeV 

4 and 3, respectively [22]. Furthermore, we set the small 


T 153 —19nf 

= 24^^ 


where t = log^, bo = 
and 339 MeV for the flavors nf = 5, 
masses of the u and d quarks equal zero, to„ = md = 0. 

In Ref.[Tl], we study the 1 and | heavy, doubly-heavy and triply-heavy baryon 

states with the QCD sum rules in a systematic way by subtracting the contributions from the 
corresponding and heavy, doubly-heavy and triply-heavy baryon states, the con¬ 
tinuum threshold parameters + (0.6 — 0.8) GeV work well, where subscript gr de¬ 

notes the ground state baryons. The pentaquark states are another type baryon states accord¬ 
ing to the fractional spins, in Ref. [7], we take the continuum threshold parameters as = 
-^Pc (4380/4450) + (0.6 — 0.8) GeV, which also works well. In this article, we take the continuum 
threshold parameters = Mp + (0.6 — 0.8) GeV as an additional constraint. 

The hidden charm (or bottom) five-quark systems 91(72 93 QQ could be described by a double¬ 
well potential, just like the double heavy four-quark systems qiq^QQ [23]. We introduce the color 
indexes /, j and k firstly. In the five-quark system 919293 QO) the light quarks 91 and 92 combine 
together to form a light diquark in color antitriplet. 


91+92 —I (39) 

the Q-quark serves as a static well potential and combines with the light quark 93 to form a heavy 
diquark T^q^q in color antitriplet, 

93 + Q , (40) 

the Q-quark serves as another static well potential and combines with the light diquark T^\^q^ to 
form a heavy triquark in color triplet, 

^ (41) 

Then the heavy diquark 'Dg^q combines with the heavy triquark Q^Vq^q^ to form a pentaquark 
state in color singlet, 

^ ■ (42) 

The interpolating currents in Eqs.(7-14) can also be understood in this way. 

Now we can see that the double heavy five-quark system is characterized by the effective heavy 
quark masses Mg and the virtuality V = \JMp — (2Mq)^, just like the double heavy four-quark 
systems 9192 QO [23]. The QCD sum rules have three typical energy scales /r^, T^, V^, we set the 
energy scales to be 71 ^ = = 0(T^), and obtain energy scale formula, 

= ^Ml - (2Mq)2 , (43) 

to determine the energy scales of the QCD spectral densities mi- In previous work [7] , we take the 
value Me = 1.8 GeV determined in the double heavy four-quark systems [23] and obtain the values 
/i = 2.5 GeV and qi = 2.6 GeV for the hidden-charm pentaquark states Pc(4380) and Pc(4450), 
respectively. The energy scale formula works well. 

We can rewrite Eq.(43) into the following form, 

M|> = 4Ml + , (44) 


which indicates that the masses increase (or decrease) with increase (or decrease) of the energy 
scales. 


M t Mpt, 

Mpi . (45) 
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On the other hand, the calculations based on the QCD sum rules in Eqs.(36-37) indicate that the 
masses decrease (or increase) with increase (or decrease) of the energy scales, 


/r t Mp 4., 

Mi Mp\ . (46) 


We can search for a compromise and obtain the optimal energy scales fi and masses Mp. 

In the present QCD sum rules, we choose the Borel parameters and continuum threshold 
parameters Sq to satisfy the following four criteria: 

• Pole dominance at the phenomenological side; 

• Convergence of the operator product expansion; 

• Appearance of the Borel platforms; 

• Satisfying the energy scale formula. 

Now we search for the optimal Borel parameters and continuum threshold parameters Sq 
according to the four criteria. The resulting Borel parameters T^, continuum threshold parameters 
So, pole contributions, and contributions of the vacuum condensates of dimension 9 and 10 are 
shown explicitly in Table 1. From the table, we can see that the first two criteria of the QCD 
sum rules are satisfied, and we expect to make reasonable predictions. In Table 2, we present the 
contributions of different terms in the operator product expansion with the central values of the 
input parameters. In calculations, we observe that the main contributions come from the terms 
Dq, ZI 3 and Dg, see Table 2, the operator product expansion is well convergent. We should admit 
that the convergent behavior of the operator product expansion is not so good as that in the 
conventional case, where the Dq dominates the QCD sum rules, but we can find a comparatively 
reasonable work window to extract the hadronic information |24] . 

We take into account all uncertainties of the input parameters, and obtain the values of the 
masses and pole residues of the ^ hidden-charm pentaquark states, which are shown in Figs. 1-2 
and Table 3. From Figs.1-2 and Table 3, we can see that the last two criteria are also satisfied. 
In Table 3, we also present the corresponding thresholds of the J/i/^Biq and where the i?g 

and Biq denote the octet and decuplet baryons with the constituents ( 719293 , respectively. From 
the table, we can see that the decays to the J/ipBiQ, 


Pqiq % q 3 ^2 ^ ’ ^919293 ^2 ^ J /' 4 ’ BiO : 

for example. 

Full Q ) , ^ J/^A++ , 

Pull Q ) , Bill ^ , 

Pill Q ), pI°sI ^ ’ 


(47) 


(48) 


can (or maybe) take place, but the decay widths are rather small due to the small available phase- 
spaces; on the other hand, the decays. 


R 


iiJ 



^919293 


R 


919293 



J/ 'ipBs , 

—)• J /tpBiQ , J /tpBg , 


(49) 

(50) 


10 


for example, 


P. 


1 * /I 


uud 


P 


11 


2 


P, 


lOi 

uud 


P 


10,^ 


P 


lU / I 


P 


P 

J- 'll: 


Pu 


104 


P. 


P 

-P S! 


Ill 


1" 

2 

1 - 

2 

1" 

2 

1 + 
2 

1 + 
2 

1 + 
2 

1 + 
2 


J/i/jp, 

J/'!/;A++ , 

J/V'S*+ , 


(51) 


can take place more easily, the decay widths are larger due to the larger available phase-spaces; 
furthermore, the decays 


Pc 


lOi 

9192 93 


1 + 
2 


for example. 


dIOs 

uud 


-*104 




-.101 


,10i 




-.lOi 


1 + 
2 

1 + 
2 

1 + 
2 

1 + 
2 

1 + 
2 

1 + 
2 

1 + 
2 


J/iIjBs , J/V'-Bio, 

> J/i’P. 

> J/i/;E+, 

> J/'(/'A++, 

> J/iIjE*+ , 

t J/V'S*", 


(52) 


(53) 


can take place fluently, the decay widths are rather large due to the large available phase-spaces. 
We can search for the pentaquark states in the J/ijjBs and J/'0i?io mass spectrum in the decays of 
the bottom baryons to the final states J/ijiBs and J/ijiBiQ associated with the light vector mesons 


or pseudoscalar mesons [H |6l |9] , 

for 

example. 

Qb 


ii4 /1 

-)■ 

(2 

n- 


11- / 1 


P 33 / - 




(j) —>■ jf-ipn (j). 


(54) 
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T2(GeV^) 

y/^iGeV) 

pole 

D 9 

Dio 

2/1 \ 

J uuu 1 2 J 

3.2-3.6 

5.1±0.1 

(38 - 60)% 

(16 - 22)% 

- 1% 

1 ~ 1 

J uus \ 2 I 

3.3-3.7 

5.2 ±0.1 

(39 - 60)% 

(10-15)% 

< 1% 

( 1 ~ 1 

J uss 1 2 J 

3.4-3.8 

5.3 ±0.1 

(40 - 61)% 

(7 - 10)% 

< 1% 

p^^i 1 ~ 1 
^sss 1 2 J 

3.5-3.9 

5.4 ±0.1 

(42 - 62)% 

(5 - 7)% 

< 1% 

p^^2 ( 1 “ 1 

J UUU 1 2 J 

3.3-3.7 

5.1±0.1 

(39 - 60)% 

(10 - 13)% 

(3 - 4)% 

0 

1 

3.4-3.8 

5.2 ±0.1 

(41 - 61)% 

(6 - 9)% 

(2 - 3)% 

/ 1 \ 

J USS 1 2 J 

3.5-3.9 

5.3 ±0.1 

(42 - 62)% 

(4 - 6)% 

(1 - 2)% 

p^^^ ( 1 ~ 1 

^sss 1 2 J 

3.6-4.0 

5.4 ±0.1 

(43 - 62)% 

(3 - 4)% 

- 1% 

nll4 

Puuu (2 1 

3.3-3.7 

5.3 ±0.1 

(37 - 59)% 

(15-21)% 

< 1% 

pill /l+\ 

i^^uus 1 2 J 

3.4-3.8 

5.4 ±0.1 

(38 - 59)% 

(10 - 14)% 

< 1% 

piij /i+\ 

i^^uss 1 2 J 

3.5-3.9 

5.5 ±0.1 

(39 - 60)% 

(7 - 10)% 

< 1% 

piij }i+\ 

-t'^sss 1 2 J 

3.6-4.0 

5.6 ±0.1 

(40 - 60)% 

(5 - 7)% 

< 1% 

nlOj / l+A 
Puuu (2 1 

3.3-3.7 

5.8 ±0.1 

(60 - 78)% 

-(3-5)% 

< 1% 

plOj /l+\ 

^uus 1 2 J 

3.4-3.8 

5.9 ±0.1 

(61 - 79)% 

-(2-4)% 

< 1% 

plOj /l+\ 

-^uss 1 2 j 

3.5-3.9 

6.0 ±0.1 

(62 - 79)% 

-(1-2)% 

< 1% 

plOi )i+\ 

-t^sss 1 2 J 

3.6-4.0 

6.1 ±0.1 

(63 - 80)% 

^-1% 

< 1% 


Table 1: The Borel parameters, continuum threshold parameters, pole contributions, contributions 
of the vacuum condensates of dimension 9 and dimension 10. 


In Ref.|10). the authors study the non-strange and strange pentaquarks with hidden-charm in 
the diquark-diquark-antiquark model by considering the simple spin-spin interactions, and evaluate 
the masses, where the scalar and axialvector diquarks are chosen. The predicted masses are different 
from ours, see Refs. [71IH] and present work, the differences originate partly from the fact that in 

Ref. [To] the Pc(4450) is taken as the (| ) pentaquark state, while in Refs.[7l|8] the Pc(4450) 
is taken as the (| ) pentaquark state. 


4 Conclusion 

In this article, we choose the axialvector-diquark-axialvector-diquark-antiquark type and axialvector- 
diquark-scalar-diquark-antiquark type pentaquark configurations, construct both the axialvector- 
diquark-axialvector-diquark-antiquark type and axialvector-diquark-scalar-diquark-antiquark type 
interpolating currents, then calculate the contributions of the vacuum condensates up to dimension- 
10 in the operator product expansion, and study the masses and pole residues of the ^ 

hidden-charm pentaquark states with the QCD sum rules in a systematic way. In calculations, we 
use the formula ^ = \jMp — (2Mc)2 to determine the energy scales of the QCD spectral densities, 
which works well in our previous work. We take into account the SU(3) breaking effects of the 
light quarks, and obtain the masses of the hidden charm pentaquark states with the strangeness 

5 = 0, —1, —2, —3, which can be confronted with the experimental data in the future. We can 
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Pentaquark states 

Contributions 


Dq ^ Dq > ZI3 ^ jUsI « \Ds\ « Dg ^ Dio 


Dq ^ Dq > Do ^ \Do\ ~ \Ds\ > Dg ^ Dig 

mms 

Dq ^ Dq > Dq ^ \Dq\ Ki |T)g| > Dg ^ Dig 


Dq ^ Dq > Do > \Dq\ > jUgl > Dg ^ Dig 

■HS 

Dq > Do > Dg > jUgl \Dq\ > Dg ^ Dig 

mma 

Dg « Do > Dq ^ jUgl > iT^sl Dg ^ Dio 


Dg ^ Do > Dq ^ \Do\ > \Dq\ ^ Dg ^ Dig 

mma 

Ho > T>3 > £*6 > iHsI > IH5I > Hg > Hio 


Dg ^ Dq > H3 IH5I Ri jUgl Ri Dg ^ Dig 


Dg ^ Dq > Do ^ \Dq\ Ri iHgl > Dg ^ Dig 

mwM 

Dg ^ Dq > H3 IH5I Ri jUsl > Dg ^ Dig 

mmm 

Dg ^ Dq > Do ^ \Dq\ > \Do\ > Dg ^ Dio 

Bma 

Dg ^ Do ^ \Dq\ > \Dq\ ^ Do > Hg Hio 


Dg ^ Do ^ \Dq\ > \Dq\ ^ Do > Hg Hio 

mms 

Dg ^ Do ^ \Dq\ > \Dq\ ^ Do:S> \Dg\ ^ Hio 


Ho > H3 » iHel > IH5I » iHgl > Hg > |Hio| 


Table 2: The contributions of different terms in the operator product expansion with the central 
values of the input parameters. 
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p(GeV) 

Mp(GeV) 

Ap(GeV‘’) 

A7BioJ/P(B8±b)(GeV) 

2 / 1 \ 

-1 uuu 1 2 j 

2.5 

4.35 ±0.15 

(3.72 ±0.76) X 10-3 

4.33 (4.04) 

piij /i-\ 
-^uus 1 2 ] 

2.6 

4.47 ±0.15 

(4.50 ±0.85) X 10-3 

4.48 (4.29) 

2 ( 1 ~ 1 
uss 1 2 j 

2.8 

4.58 ±0.14 

(5.43 ±0.96) X 10-3 

4.63 (4.41) 

/ 1 “ 1 
rsss 1 2 1 

3.0 

4.68 ±0.13 

(6.47 ± 1.10) X 10-3 

4.77 

plO^ / 1 

J- uuu 1 2 j 

2.5 

4.42 ±0.12 

(4.14 ±0.70) X 10-3 

4.33 (4.04) 

p^^i ^ ~ 1 

uus 1 2 / 

2.7 

4.51 ±0.11 

(4.97 ±0.79) X 10-3 

4.48 (4.29) 

p ^^2 ( 1 ~ 1 

J- uss 1 2 j 

2.9 

4.60 ±0.11 

(5.87 ±0.89) X 10-3 

4.63 (4.41) 

piof (i-\ 

^SSS 2 ) 

3.0 

4.71 ±0.11 

(6.84 ± 1.00) X 10-3 

4.77 

piH (i+\ 

uuu 1 2 / 

2.8 

4.56 ±0.15 

(1.97 ±0.40) X 10-3 

4.33 (4.04) 

p^^ 2 / 1 1 

J uus 1 2 / 

3.0 

4.67 ±0.14 

(2.42 ±0.47) X 10-3 

4.48 (4.29) 

piH /i+\ 

J uss 1 2 / 

3.1 

4.78 ±0.13 

(2.88 ±0.53) X 10-3 

4.63 (4.41) 

p^^ 2 ( 1 1 

J sss 1 2 / 

3.3 

4.89 ±0.13 

(3.44 ±0.61) X 10-3 

4.77 

[ 1 + \ 
uuu 1 2 j 

3.6 

5.12 ±0.08 

(8.01 ±0.92) X 10-3 

4.33 (4.04) 

plO^ / 1 +\ 

J uus 1 2 / 

3.7 

5.19 ±0.08 

(8.92 ± 1.05) X 10-3 

4.48 (4.29) 

p^*^ 2 ' [ 1 \ 

J^uss 1 2 j 

3.8 

5.26 ±0.08 

(9.93 ± 1.21) X 10-3 

4.63 (4.41) 

plO^ / 1 +\ 

J sss 1 2 / 

4.0 

5.40 ±0.08 

(12.17 ± 1.28) X 10-3 

4.77 


Table 3: The energy scales, masses and pole residues of the pentaquark states, where the Bio 
and Bs denote the decuplet and octet baryons with the quark constituents 91(72 <73 respectively. We 
take the isospin limit, the pentaquark states Puuu (^5 (^5 (^5 ^ an P^^] ^ 

have degenerate masses. Other states are implied. 


14 





3.20 3.25 3.30 3.35 3.40 3.45 3.50 3.55 3.60 

T'(GeV') 


3.30 3.35 3.40 3.45 3.50 3.55 3.60 3.65 3.70 

T'(GeV') 


6.0 


5.6 


5.2 


4.8 


•—V 


> 4.4 


CD 


c5 4.0 


^ 3.6 


3.2 


2.8 


2.4 





3.40 3.45 3.50 3.55 3.60 3.65 3.70 3.75 3.80 

T'(GeV') 


6.0 
5.6 - 
5.2 - 
4.8 - _ _ . 


O4.0 - 


-Central value 


3.2 


-Central value 

■ 

- Upper bound 


2.8 

D 

- Upper bound 

- 

- Lo\A/er bound 


2.4 


- Lower bound 

- 


3.50 3.55 3.60 3.65 3.70 3.75 3.80 3.85 3.90 

T'(GeV') 


5.6 


- 

5.2 


- 

4.8 


- 

0) 

O4.0 

— 


53.6 


- 

3.2 


1-Central value 1 

2.8 


E - Upper bound - 

2.4 


1 - Lower bound I - 

2.0 

. 1 . 

. 


3.30 3.35 3.40 3.45 3.50 3.55 3.60 3.65 3.70 

T'(GeV') 


5.6 



- 

5.2 



- 

4.8 



- 

CD 4,0 



■; 

^ 3.6 

3.2 





-Central value 


2.8 


p - Upper bound 

• 

2.4 


1 - Lower bound 

- 

2.0 

I 1 

. 



3.40 3.45 3.50 3.55 3.60 3.65 3.70 3.75 3.80 

f(GeV^) 


6.0 

5.6 

5.2 

4.8 


> 4.4 




0 

c5 4.0 




^ 3.6 



- 

3.2 


-Central value 

■ 

2.8 

G 

- Upper bound 

- 

2.4 


- Lower bound 

- 


1 . 1 . 1 . 

1 . 1 . 1 . 1 



3.50 3.55 3.60 3.65 3.70 3.75 3.80 3.85 3.90 

T'(GeV') 



6.0 

5.6 

5.2 

4.8 


- 

> 4.4 



CD 



CD 4.0 


- 

2 3.6 



3.2 


1-Central value 1 

2.8 


H - Upper bound ■ 

2.4 


1-Lower bound I - 


1 

1 . 1 . 1 . 1 . 1 . 1 . 


3.60 3.65 3.70 3.75 3.80 3.85 3.90 3.95 4.00 

T'(GeV') 


Figure 1: The masses of the pentaquark states with variations of the Borel parameters T^, where 
the A, B, C, D, E, F, G and H denote the pentaquark states PuuS. ^ , Buui ^ , Buis ^ , 
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(5 'j,Puus(^^ and Psss" ^ with negative parity respectively. 
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Figure 2: The masses of the pentaquark states with variations of the Borel parameters T^, where 
the A, B, C, D, E, F, G and H denote the pentaquark states Puuu (F) > (F) ’ (F) ’ 

(T) ’ (F) ’ (F) ’ (F) (T) positive parity respectively. 
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search for those pentaquark states in the decays of the bottom baryons to the J/V' plus octet 
(decuplet) baryons plus pseudoscalar (vector) mesons, or take the pole residues as basic input 
parameters to study relevant processes of the pentaquark states with the three-point QCD sum 
rules. 
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■ f (1 - y - s) (3s - 2m(} 


dydz {1 — y — z) (s — ml)^ 


dydz {y + z){l - y - z) (s - ml) (2s - ml) 


dydz {1 — y — z) (3s — 2ml) 


121 msmc(ss){sgsaGs) f msmc{ss){sgsO'Gs) 

--iS3- 


dydz f —I— 

\y z 


mc(ss)^ 


ms(ss)^ 


dy 1 + (s - ml) 


9^2 J -s . 3g^2 y -s L— 2 ' 

{sgscrGsy f Ti , —2\1 

msmdsgsCrGs)'^ /■ /! 1\./ ~2\ 

— 195 ;?—/‘'"U'" 

31msmc{sgsaGs)'^ /" j ^ \xi ~2\ 

-230i?i- 
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Puls(s) = 


614407r8 


J dydz yz{l — y — z)'^ (s — (8s — 3m^) 

;g J dydz {y + z){l - y - zf [s - 


dydz {y + z){l — y — z)"^ [s — ml) (5s — 3ml) 


■ J -y-zf{s- ml)"^ 

I (p +-’)(!-»- (»- 

[2(^5^)^^ (gg)] j {s-mlf {2s-ml) 

/ dyd. (, + 2)(1 - , - 2) (. - mif 
- ~ jcy,.,Ml-y-^)(s-ml)(,s-ml) 

- "■ jjyj,y,il-y- 2 ) (. - ag) (5. - Sag) 

/ ** ( i - + ^)(1 - S ' - (» - ” 2 ) ( 5 . - 3 t 

■ j dydzyz{l-y-z}{s-ml) (5s - 3m^) 

m.mdss) [n{qq) - (ss)] f ^ ^ ^ ^ 2 \ 

-- j dydz {y + z){s- mj 

5[{qq){sgsaGs) + {ss){qgsaGq) + {ss){sgsaGs)] f , 2 \ 

-- J dydzyz{4s-3m,) 

{qq){sgsaGs) + {ss){qgsaGq) + {ss){sgsCrGs) Z" , , / , w, 

-- J dydziy + z)il-y- z, 

msmc[{qq){sgsaGs) + {ss){qgsaGq)] f (z y\ 

-55?- J i;+ -z) 

TOgmc [3‘i{qq)(sgsaGs) + 33{ss){qgsCrGq) — 5{ss){sgsO'Gs)] f ^ 

1728^^4 J 

msmdss) [{qgsaGq) + (sgsaGs)] f ^ 

23047r4 J y 

mc{qq){ssf f ms{qq){ss)‘^ f r s z _ 2\1 

- 18 „» jdyyil-y) [l+35(s-sgj 

{Sg.aG,)l2{qg^aGJ, + {Sg.aG,)] J^ ^ 

--y - 9 ) [1 + j5 (» - m,)J 

msmc{qgs<jGq){sgsaGs) f,f^-y, y \ c ( ~2\ 

msmc{sgsCrGs) [17(qgsCrGq) - (sgsCrGs)] ^ \x( ~ 2 \ 

-1725?-/‘*n' + 2M5j*<*-”'4 

msmcisgsCrGs) [{qgsdGq) + (sgsaGs)] /■,/,, s \ z _2\ 

-6915?- / “'nl + 2APJ ^ ■ 


dydz (y + z){l — y — z) (4s — 3ml) 


dydz(^- + y 
\y z 


dyy{l-y) l + |(5(s-m2) 

f ' ^ 

' dydz {y + z) 1 + -(5 (s — ml) 

O 

r r 5 __ " 

dyy{l-y) ^1 +-5 (s - m^) 


y 5(s-m^) 

-) 5 (s - ml) , 
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1228807r8 / - V - {s - mlY (7s - 2ml) 

+ - y - (s - ™c)^ {5s - 2m^) 

^ m.|fe.,G,H2(ii9.,Gs)| J 

_ m.|(ji,..G,) + (s-,..Gs)| I 

^ m.|(ji,..G,)-(s-,..G.)| I ^ ^ 

+ / <i!/<is („ + .)(!-!/-.)(.- m>) (2. - ™?) 

(ss)j2||^Hjss^ j (y ^ _ y _ 2 ) ^ 2 s _ ml) 

y_ m.m.(.-s) [n(w) - (.-.)! I 

_5 [(2g)(5<,.^G,) + (.-.)fe.»G<;) + (.-»)(.i9.^Gs)] t ^ 

i 1 (DZTT J 

y_ [(w)(.-g.aGs) + {sms.fl) + (s-s)(59.^Gs) 1 / jyj, ,1 _ y _ 2 ) ( 3 , _ 255 : 

ZOOTT'^ 7 ^ 

m^mc [(w)(s 5 sCrGs) + (ss)( 95 sCrG 9 )] /■ /I 1 \ 

+-144;?- J +1 j 

msTTic [34(gg)(s(/s(jGs) + i3{ss){qgsCrGq) — 5{ss){sgsCrGs)] f ^ 

864^^4 J ^y 

^ msmdss) [{qgsaGq) + (sgsaGs)] f ^ 

^ 1152^4 J y-y 

mc{qq){ssf f ms{qq){ssy f f, s 2 _ 2\1 

_ (5a.^G.) I2(»"g2) + (»g-<’g»)l j rfy* [1 + ij (, _ m2) 

msmc (qgsCrGq) {sgsaGs) [ ^ \ X !„ ™ 2 \ 


dydz {y + z){l — y — z')^ (s — ml)^ (5s — 2ml) 


dydz {y + z)(l — y — z) {s — ml) (2s — ml) 


dydz {1 — y — z) (3s — 2ml) 


dydz ( —I— 

\y z 


dy 1 + |(5 (s - ml) 

^ dydz l + ^(5(s —rn^) 


sCrGq){sgsaGs) (I , 1 ~2\ 

38^5- 


msmdsgsaGs) [17{qgsaGq) - (sgsCrGs)] f , ^ \ , _2\ 

-fraPi-/% (1 + lipj 5 (»- ">0) 

msmdsgsaGs) [{qgsaGq) + (sgsaGs)] f , G , s \ 2 _ 2 \ 

- 6913 ?- / <i!/(1 + 55) 5 (» - G . 
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Pu«i(s) = 


614407r8 


J dydz yz{l — y — z)'^ (s — (8s — 3m^) 

;g J dydz {y + z){l - y - zf [s - 


dydz yz{l — y — z) (^s — mf) (5s — Sm^) 


J -y-zf{s- ml)^ 

(y + ^)(i-,- (.-M»)» 

[ 3 {a 5 )^^^ 2 {gg)l j _ ^ _ ^^2 (^g - {2s - m^) 

■ jiyi2iy + 2)il-y-2)(s-mlf 

- "■ 3 ’* jiyi 2 y 2 il-y- 2 ) (s - a;) (5. - 2-ml) 

-y-y) (s-«ic) (5s-3m{) 

(yy) [(g 9 ^+^ 2 ( 55 )l j siysisys^i_y_s'^ (s-Tn^) (5s-3ml) 

m.mdqq) [6{qq) - (ss)] ^ ^ ^ 

-- J dydz {y + z){s- mj 

5 [( 99 )( 95 sCrG(?) + {qq){sgsaGs) + {ss){qgsaGq)] f , 2 \ 

-- J dydzyz{4s-3m,) 

m{ys..G,) + mi^y^aGs) + {S,){ya.<rO,) + 

msmc{qq){qgs<jGq) f z _^y\ 

1447r4 J ^ ^ \y z) 

rrismc [36{qq){qgsaGq) - 2{qq){sgsaGs) - 3{ss){qgsaGq)] f ^ 

1728^4 J 

msmc{ss){qgsaGq) f 

-23M?I- 

. I Jy + I <,„(!_,) [1 + £4 (4 _ ag] 

(qg^crGg) [(qg^crGg) + 2(s6fsCrGs)] f,,, , Sr/ _2\1 

-- / dj/dz (y + z) [1 + -d (s - toJ 

(gg^crGq) [(gg^crGg) + 2(s6fsO-Gs)] f \\3 , ^xf ~2\1 

-- J dvy(l - !,) [1 + f (. - n.J] 

msTTiciqgsCrGq)'^ f,f^-y, y \ c / ~2\ 

—5?fa3— 

msmc{qgs<jGq) [9{qgsaGq) - (sg^aGs)] C / ^ ^ 

17287r4 J \ ^ 2M^J 

msmc{qgs(jGq){sgsaGs) s \f/ ~2\ 

-69IS3- /+ 2M5j ■* (» - ”4 - 


dydz (y + z){l — y — z) (4s — Sm^) 


dydzr-+y 
\y z 


dyy{l-y) l + |(5(s-m2) 

^dydz{y + z) l + ^d(s-TOc) 

O 

fdyy{l-y) 1 + (s - m^) 


>) '^(s-TOc) 
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runs \^/ 


1228807r8 / - V - z)* {s - ml)"^ ( 7 s - 2 ml) 

mc[ 2 {qq) + (ss)] /■,,., ^2/ —2\£ 

-1152^^^- Jdydzil-y-z) (s-m,) 

m, [3(ss) - 2(gg)] w, ,^2 z' 


23047r6 


dj/dz (j/+ z)(l - y - 2 :)^ (s - m^) (5s - 2 TOc) 


/<^ 9 * (1 - 9 - *-) (» - 

/%<i. (1 - 9 - (, - ( 2 > - >^*9 

„.Kj,..G,)-(.-i'..G.)l J ^ ^ 

/ *^999 (?/ + 2)(1 - 2 / - s) (^ - 2 «c) ( 2 s - nTc) 

j (y + 2)(1 - 2 / - s) (s - ni() ( 2 s - m^) 

msmdqq) [Q{qq) - (ss)] f , , / _ 2 n 

-- J dydz (s - mj 

5[{qq){qgs(TGq) + {qq){sgsaGs) + {ss){qgsaGq)] f,,. , . „_ 2 n 

-- / dydz (y + z) (3s - 

(wXm.yGy) + (99Kg^f »> + (9»)fe.9Gy) |,i _ ^ ( 3 , _ 2 „s; 

msmc{qq){qgsO-Gq) Z" , , A 1 \ , msmc{ss){qgsCrGq) f 

-ii4?i-+ -fira?-/“'9 

TOsTOc [36(gy)(yysCrGg) - 2{qq){sgsaGs) - i{ss){qgsaGq)] f ^ 

864^4 J 

mc{qqy{ss) f ms{qqf{ss) f [, s./ ~ 2\1 

, (TO.»Gy) |(,-9.yg + 2 (s9.^G.)] I ^ 
msmdqgsCrGqy f (I 1 \ s _ 2 \ 


dydz (1 — y — z) (3s — 2TOg) 


dy 1 + |(5 (s - ml) 

^ dydz 1 + ^(5 (s — ml) 


c{qgs(zGqY (1 , 1 ~ 2 \ 

ras?- 7 4 'U + TZ^ 


msmdqgsCrGq) [9{qgsCrGq) - (sy^crGs)] 
17287r4 

msmc{qgsCrGq){sgsaGs) f , G . ^ 

-69l2?i- r^V + W 


“*9 + 3 ) 5 ) 9 (s - ml) , 


Puuu ('^) 


Psss ('^) Ims—^0, {ss)^{qq), {sgs(7Gs)^{qgs(yGq) i 
Pss's i^) |ms—J-0, {ss)^{qq), {sgs<TGs)^{qgs(7Gq) ; 
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pI°ss{s) = J dydzyz{l-y-zf{s-ml)^ {8s-3ml) 

+ 1536007r8 / -y- zf [s- (iSs^ - IGsm^ + 3 to^) 

+ ^2^1% J -y-zf{s- miY 

+ 4in52^s / -y-zY{s- mlf (7s - 3m^) 

- J ^y^^ (y + z)ii-y-zf (s-mlf 
- ^Qg^e J ^y^^ (y + -y-zf{s- mlf (2s - ml) 

- ^56^6^ / ^y^^y^(^~y~ (s-ml)'^ {2s-ml) 

+ -J^^ J ^y^^ y^(^ -y- zf{s- ml) {7s^ - 8sml + 2rnl) 
llmcisg.aGs) f ^ ^ W —2\2 

^- 4096^^6 J ^ -y-z)(s- m,) 

(y + z)(l-y- zf (s - TO^) (5s - 3ml) 

~ ”‘409fa?*’ /''"* (; + !)<'■“■ 

J ^y^^y^^^ -y-z)(s-ml) (5s- 3ml) 

-y- zf (I5s^ - 20 sTOc + 6to^) 

J -y-zf (s- ml) (5s - 3ml) 

+^|j / dydzyz{l-y- z) (s-ml) {5 s - 3ml) 

+ msmejss) J + z){s- ml) 

_msrm^)_ J ^ _y_z)(As- 3ml) 
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= i228807r8 / dydz{y + z){l - y - z)'^ {s-mf)^ {7s - 2ml) 

- 0X4400^8 J iy + z){l - y - zf (s - ml)^ ( 28 s^ - 21 sml + Sm^) 

J ^^-y- («- 

“tS& / ^^-V- (« - (3s - ml) 

J {s-mlf 

+ m2^6 J ^y^^ (1 - 2 / - (s - ( 5 s - 2ml) 

- ^gg^Je J ^y^^ {y + z){l-y-zf {s-mlY {bs-2ml) 

- J ^y^^ (j/ + ^)(1 - y - zf (s - (5s^ - 7>sml + m^) 
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llmc{sgs<jGs) f , , 

- 1024 ,« J 

llnicisgscrGs) f 

- 2048 ^« J 

7mc{sgsO-Gs) f 

■ J 

mc{sgs<jGs) f 

- 2048 ^° 

TTisisgsaGs) f , , , 

'S? / (» + -)( 

I d,d. (, 

l'd{ss){sgs<jGs) f 

- 768 ?- J ‘‘■O' 

89msmc{ss){sgsaGs) 

23047r4 

8msmc{ss){sgsCrGs) 

2567r4 ^ 

msmc{ss){sgsCrGs) j 

1287r4 


dydz (1 — 2 / — z) (s — 

f 

dydz {1 — y — z)^ (s — m^) (2s — m^) 

dydz + (® “ 

, . /I n .,2 _04 2. 


J dydz {y + z){l - y - z)^ (lOs^ - 12 smc + Sm^) 
>24^6'^'^^ / -y-z){s- ml) ( 2 s - m^) 

J dydz {y + z){l — y — z) [s — ml) ( 2 s — to^) 

J dydz (s - m^) 

[ dydz {1-y- z) (3s - 2771^) 


dj/dz (y + z) (3s — 2 to^) 


r s 

dydz 1 + -(5 (s — 777^) 


dydz ( — + — 

\y z 


199msmc{ss){sgsCrGs) 

23047r4 


y z 


dydz ( - + - ) (1 - y - z) 1 + (s - 


mc(ss)^ f ms 

llisgsdGs)^ f 
- 1536 ,* 

msmdsgsCFGs)^ f 

15367r4 J 

nmsmc{sg s<jG s)^ 
46087r4 ^ 

125msmc(sgsO'Gs)^ 
92167r4 


ms{ss)^ I |- s ^ _ 2\1 

dy[l + -6{s-m^)\ 

dy l + ^S{s-ml) 

. fdydzG + i) [l + ^)i(s-ml) 


ii!/(- + j4- 

\y 1 - 2 / 


(5 (s - ml) 


dy (l + ■^) (s - ml) , 
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Pll'sis) = J dydzyz{l-y-z)* {s-miy { 8 s- 3 ml) 

+ 1536007r8 / dydzyz{l-y- z)^ (s - (iSs^ - IGsm^ + 3 m^) 

+ lM327r« / ^ -y-z?{s- mlY 

+ 7 ^ 2 ^° 8 / -y-z)'^{s-mlf {is- ml) 


J ^y^^ ^y + - y - (s - ™c)^ ( 7 s - sm^) 

^^2304^6^^^^^ J ^y^^ iy + z){l-y-zf (s-ml)^ 

^ -y-zf{s- mlf (2s - m^) 
^^3847r6 / dydzyz{l-y- zf {s - {2 s - rnfj 

- ^^ 2 ^ J -y- zf {s- ml) { 7 s^ - 8 sml + 2 ml) 

llmcKqgsCrGq)+ 2 (sgsaGs}] f ^ W —2\ 

-- J -y-z){s- mj 

llmc[(g5sCrG9)+2(s6fsO-Gs)] Z . , / , w-, ^2 z' 

-- j (y + 2;) (1 - J/ - ^) (s - m, 

■ ’"- j iyi, (i + I) (l_,_,)3(,_5i 

y - (iSs^ - 20sm^ + 6m^) 

"• (i, + 7)(1 - ■/ - 7)^ (» - Mg) (S 

' ”^^384^6^^^ /(4y<42J/4(l-y-7)(s-mc) (5s-3m^) 

■ ’"‘‘*”‘^048#''*"^'**' j‘‘»‘‘^y^(^-y- -) (»-(5»- * 

(as) j y^{^l _ y _ z) {^3 - ml) {bS - ) 

TO 5 TOc(ss) [5(gg) - (ss)] [,,, , ./ _ 2 n 

-^^^-7- J dydz {y + z){s- m,) 

-- / dydz (y + z)(l - y - z) (4s - 3mJ 


y dydz {y -\- z) {1 — y — 2)^ (5 — m^) (65 — 3 m^) 

^ ^y^^ (y f~ ^ ~ ~ 

dydz (1 ~ y ~ -2;)^ (s — ml) ( 5 s — 3 to^) 


dydz (y + z)(l — y — z)^ {s — ml) ( 5 s — 3 ml) 


dydz yz(l — y — z) {s — ml) ( 5 s — 3 ml) 


dydz (y + z)(l - y - z) ( 4 s - 3 ml) 
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^ , y 


y z 


19 [{qq){sgsaGs) + (ss)(gg,gGg) + (ss)(5g,crGs)] / ^4^ _ 3^2^ 

23047r j 

{qq){sgs(jGs) + {ss){qgs(jGq) + {ss){sgs(jGs) [ ^ ^ W. o:^2^ 

-- / dydz {y + z){l - y - z) {4s - 3toJ 

msmc[2{qq){sgs(jGs)+3{ss){qgsCrGq)+5{ss){sgs(jGs)] [,,, , x r / _2\1 

-- J dydz {y + z) [1 + -5 (s - 

rnsniciss) [{qgsCrGq) + (sgsaGs)] f , , , , xTi , —2\1 

-- j dydz {y + z)[l + -S {s - mJJ 

msmdss) [{qgsaGq) + {sgsCrGs)] f ^ 

30727r4 J y 

msiTic [l&{qq){sgs<jGs) + lb{ss){qgs(jGq) - ?>{ss){sgs(jGs)] f ^ 

rnsri J ^ 

msmc[2{qq){sgsaGs) + {ss){qgsaGq) - {ss){sgsaGs)] f (z y\ 

--^-3- J iyi, + -J 

msmc{ss)[{qgsCrGq) + {sgs(jGs)] f (z y\ 

-3608?!-+ 

2567r4 J \y z J L 3 

mc{qq){ssy f ms{qq){ssf f r s , _2\1 

13(.-i,..G.)|2(|.,G,) + (.-i,.,G.)] y [1 + IJ (,_ „3.)- 

ll{sgsaGs) [2{qgs(jGq) + (sgsaGs)] f ^ Ti , «W ~2\1 

-3073?- J dv,(l-,)[! + 

msmc{sgs(jGs) [{qgsCrGq) + (sgsCrGs)] f,,fzy\f ^ \ , 

-2303?-+ 

msmcjsgsCrGs) [5(gff^crGg) - (5g,,aG5)] f / 1-y y \ ^ __ 

34567r4 J y l-yj ^ 

nismcisgsCrGs) [{qgsCrGq) + (sgsCrGs)] fjf^-y, y \ t 

276487r4 J { y + 1 - y ) ^ 

msmc{sgs(jGs)[7{qgs(TGq)-2{sgsaGs)] ^ ~2\ 

-ms?-/‘‘n‘+2A?J‘’(“-"’4 


(^“ + f j 1 + (s - ml) 

dyy{l-y) l + |( 5 (s-m 2 ) 

Jdydz{y + z) 1 + (s - rn^) 

I dyy{l-y) 1 + {s - ml) 


z , y 


' ^-y ^ y 
. y 1 - y 

1 - y y " 
y 1 - y/ 


i) d {s-ml) 


I (5 (s - mfj 
5 (s-ml) 




msmdsgsCrGs) [{qgsCrGq) + (sgsCrGs)] f ^ ^ \ x/ ™ 2 \ 

4608734 J 2M^) ^ 


(65) 
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1 


1228807r8 

1 


6144007r8 


J dydz {y + z){l - y - z)'^ (s - (7s - 2ml) 

j dydz {y + z){l — y — z)^ (s — (28s^ — 21 sto^ + 3m^) 


J dydz (1 — y — z)^ (s — fnl)^ (3s — ml) 

dydz {1-y - z)^ (s - ml)^ 
dydz (1 — y — z)^ (s — (5s — 2rnl) 

dydz (y + z)(l — y — z)^ (s — rnl)^ (5s — 2ml) 


+ 


mgmc 
' 184327r8 
me [{qq) + 2(ss)] 
5767r6 

me [{qq) + 2(ss)] 
34567r6 

ms [2{qq) - (ss)] 
11527r6 

TOs(ss) 


dydz (y + z)(l — y — z)^ (s — ml) (5s^ — 5sml + ml) 


+ 


+ 


3847r6 _ 
lime [{qgsO'Gq) + 2{sgs<jGs)] 
30727r6 

lime [(ggsO-Gg) + 2(sgsCrG's)] 

61447r® 

7me [{qgsCrGq) + 2{sgsaGs)] 
122887r6 j 

me [{qgsCrGq) + 2{sgsaGs)] 


+ 


61447r® 
ms{sgsaGs) 

7687r6 

msjqgsCrGq) 

1927r6 

ms [{qgsCrGq) + (sgsCrGs)] 
10247r6 
(ss) [2(gg) + (ss)] 

727r4 

m^me(ss) [5(gg) - (ss)] 
367r4 

msme{ss) [{qq) + (ss)] 

72)i^ 


dydz (1 — y — z) (s — m^)^ 
dydz (1 — y — z)^ (s — m^) (2s — m^) 

J 

[ (y z) ~ ^ ~ ~ 

dydz (1 ~ y ~ -2^)^ (® ~ ml) (2s — ml) 


dydz (y + z)(l — y — z)"^ (lOs^ — 12sm^ + 3m^) 
dydz (y + z)(l - y - z) [s - ml) (2s - me) 

dydz (y + z)(l - y - z) (s - ml) (2s - ml) 


dydz (y + z)(l - y - z) (s - m^) (2s - mfj 

f 

dydz (s — ml) 
dydz (1 — y — z) (3s — 2ml) 
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19 [{qq){sgsaGs) + {ss){qgsaGq) + {ss){sgsaGs)] 


23047r4 J 

mstnc ^{qq){sgs(jGs) + 3{ss){qgsaGq) + 5{ss){sgsaGs)] f 

4327r4 J 

msmc{ss)[{qgs<TGq) + (sgsaGs)] f r s . _ 2 s- 

-- J dydz + -i (, - 

msiTiciss) [{qgsaGq) + (sgsaGs)] f 

-- 7 ''!' 

msiTic [16{qq)(sgsCrGs) + 15{ss)(qgsaGq) — 5{ss){sgsaGs)] 

4327r4 

msTTiciss) [(qgsaGq) + (sgsaGs)] f (I 1\ 

-- 7 U + ij 

msTTic [2(qq)(sgsaGs) + (ss)(qgsaGq) - (ss)(sgsaGs)] f ^ 

288^4 J ^2 

nismc(ss) [(qgsaGq) + (sgsaGs)] f fl 1\ 

I ^ y ,, [l + (, _ rnl)] 

ll(sgsaGs) [2(qgsaGq) + (sgsaGs)] f ^ ~2^ 

4608^4 

msmc(sgsaGs) [(qgsaGq) + (sgsaGs)] f , , A 

46087r4 J ^ \y z ) \ 

msmc(sgsaGs) [5(qgsaGq) - (sgsaGs)] f , f I , 1 \ 

--7"Hi+t^7 

msmc(sgsaGs) [(qgsaGq) + (sgsaGs)] f , f ^ , 1 V 

-5824^3- 

msmc(sgsaGs) [15(qgsaGq) - 3(sgsaGs)] f , ^ s \ 

-- 7 

msmc(sgsaGs) [(qgsaGq) + (sgsaGs)] f ^ \ x / 

92167r4 


dydz (y + z) (3s — 2m^) 


dydz 1 + (s — 


y z 


dydz (- + -] {1-y- z) 1 + (s - m^) 




\y Z.J 

fdy(Gj^ 

' \y i-y 

\y ^-yj 


) (5 (s - ml) 
5{s- ml) 


■ j dy {^ + ^) - ^c) 

dy {^ + ^)H^-f^c), 


o^°’Us) = 

runs \^J 


^ 22880^8 / dydzyz(l - y - z)^ {s - mlf (8s - 3ml) 

+ 1536007 r 8 / -y- zf {s- mlf (iSs^ - IGsm^ + 3 to^) 


TOsTTlc 

'368647r8 


1474567r8 J ^ 

me [2(qq) + (ss)] 
23047r6 

me [2(qq) + (ss)] 
23047r6 

ms [4:(qq) - 3(ss)] 
7687r6 
^s(ss) 


J dydz (y + z)(l - y - z)^ {s - ml)"^ 

- J dydz (y + z)(l - y - z)^ (s - ml)^ (7s - 3771^) 


dydz (y + z){l - y - z)"^ (s - ml)^ 
dydz (y + z)(l — y — z)^ (s — ml)^ (2s — ml) 
j dydzyz(l — y — z)'^ (s — ml)^ (2s — ml) 


3847r6 


dydzyz(l — y — z)^ (s — ml) (7s^ — 8sml + 2rnl) 
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lime [2{qgs<TGq) + {sgsoGs)] 

122887r6 

lime mqgsO-Gq) + {sgsuGs)] 

245767r6 

7me [2{qgs(jGq) + {sgsCrGs)] 

245767r6 J 

me [2{qgsaGq) + (agsgGs)] 
122887r6 
ms{sgs<jGs) 

7687r6 

msiqgsCrGq) 

81927r6 

ms [2{qgsaGq) - (sgsCrGs)] 
7687r6 

msiqgsCrGq) 


f 2 

dydz (y + z)(l -y- z){s- ml) 

f 

dydz {y + z) {1 — y — z)"^ (s — ml) (5s — Sm^) 
dydz 

\l 

+ -]0--y-zf {s- ml) (5s - 3m^) 


dydz 


z . y 

z . y 


+ - (1- y - {s-miy 

y zj 


y 


dydzyz{l — y — zY (l5s^ — 20sm^ + Om^) 
dydz {y + z){l — y — zY {^s — ml) (5s — 3m^) 

dydz yz{l — y — z) [s — ml) (5s — Sfnl) 


20487r6 


dydz yz{l — y — z) [s — ml) (5s — 3ml) 


{m) [{m) + 2(ss)] 

1447r‘* 

msmdqq) [3{qq) - (ss)] 


dydz yz{l — y — z) [s — ml) (5s — 3ml) 
dydz {y + 2 :) (s — rnl) 


dydz {y + z){l - y - z) (4s - 3ml) 


1447r4 
msmdqq) {ss) 

1447r‘* j 

19 [{qq){qgsaGq) + {qq){sgsaGs) + {ss){qgs(jGq)] 
23047r4 

{m){q9s<jGq) + {qq){sgsaGs) + {ss){qgs(jGq) 


dydz yz (4s — 3me) 


15367r4 

mgme [2{qq){sgsCrGs) + 3{ss){qgsCrGq)] 
5767r4 

msmdss) {qgsCrGq) 


dydz {y + z){l — y — z) (4s — 3ml) 


dydz (y + z) 1 + -<5 (s - ml) 


dydz {y + z) [^1 + -S (s - ml) 
dy 


10247r4 

msmdss){qgs(TGq) 

30727r4 

m^me [18{qq){qgsaGq) - 2{qq){sgsaGs) - 3{ss){qgsCrGq)] 

17287r4 

m^me [2{qq) - (ss)] (qgsaGq) f , , f z y 

- - 

msmdss) {qgsaGq) 

46087r4 

msmdss) {qgsaGq) 

2567r4 
mdqq)‘^{ss) 


dy 


3672^ 


dy - 


/d,<i.(i + f) 

ms{qq)'^{ss) 


-y-z) l + -S{s-ml) 


3671^ 


dyy{^-y) ^ + ^d{s-ml) 
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13(,-S.<rG,) |(5s.aG,) + 2(5s^ I (J, + ,) [i + £ j (, _ 


+ 


184327r4 

ll{qgsaGq) [{qgsaGq) + 2{sgsaGs)] 

30727r4 

msmciqgsCrGq) {sgs aGs) 

23047r4 

msmdqgsCrGq) [3(gg^aGg) - (sgsaGs)] 
34567r4 

msmc{qgs<jGq){sgsaGs) 


dyy{l-y) l + -S{s-ml) 


/I \ 

6{s-ml) 


dy 


1-2/ 


dy 


y 


+ 


276487r4 J \ y '1-2/ 

msmdqgsCrGq) [9{qgsaGq) - 4(5gsO'G*s)] 
34567r4 

msmdqgsCrGq) {sgsaGs) 


2M2, 

1 - 2 / 2 / 

2 / 1 - 2 / 

(5 (s-m^) 




46087r4 


2M2 




1 


1228807r8 

1 


6144007r8 


J dydz {y + z)(l - y - z)'^ {s - ml)'^ (7s - 2ml) 
j dydz {y z){l — y — z)^ (s — ml)^ (28s^ — 21sml + 3m^) 


" 3 S& / (1 - 2 / - (s - (3s - ml) 

^mej^gKjss^ / (1 - y - (5s - 2 ml) 

_m44^j_^(ss^ / ^y + -y-z)"^ {s- mlf (5s - 2ml) 

J ^y^^ ( 2 / + ^)(1 - 2/ - z)^ (s - ml) (5s^ - 5 sto^ + m^) 


(67) 


31 



ll„42(,-g..G4 + (Sa..^G41 1 _ ,)2 (, _ „.) (2, _ 

/ «'!"*- (; +1) (' -»- (»- 

m42(,-..,G,) + (.-,.,G.)' I (1 + 1) ,1 _ , _ ,)3 (2, - m?) 

”^^ 1536 ^^^^ / - y - (lOs^ - 12 sm^ + 35 

ms [2(g5^CTGg) - (sg^crGs)] Z", , / , x/-, w 

-- / dydz [y + z){l - y - z) [s - i 

j ^ _y_z)[s- ml) (2s - ml) 

- J^y + -y- z){s-ml) (2s- 

msm.(g-gm,-g) - (s-s)] I 

msmc{qq){ss) /■,,,, w„ „_2x 

-72^;^- / (1 “ y “ ^) “ 2mJ 

19 [(gg)(ggsq-Gg) + {qq){sgsaGs) + (ss)(ggsgGg)] f , , r 

23047r4 J ^ 

m^mc [2(gg)(sgs(jGs) + 3(ss)(g5sCrG9)] Z" r s . 

-is?-y di,* [1 +-3 (. - 

msmc{ss){qgsaGq) f r s . _ 2 xl 


dydz {y + z)(l — y — z)^ (lOs^ — 12smg + 3m^) 


dydz {y + z)(l - y - z) (s - ml) (2s - ml) 


dydz {y + z){l -y- z){s- ml) (2s - mf) 


dydz {y + z) (3s — 2ml) 


^6{ss){qgsCTUq)\ / ^ ^ fi , «W —2^ 
- / dydz (1 + -d (s - m^) 

dydz 1 + (s — rn^) 


7687r4 J L" ' 2“ 

msmc{ss){qgsaGq) f 

-reS3-7''*' 

m^mc [18(gg)(ggsgGg) - 2{qq){sgsaGs) - 3(ss)(ggsCrGg)] 

4327r4 

msmc [2{qq) - (ss)] {qgs<jGq) f ^ 1 

2887r4 J ^ ^ \ y z) 

msmc{ss){qgs(jGq) f , , (I , 1\ 


23047r4 

msmc{ss){qgsaGq) 

3847r4 


dydz (—I— 

\y z 


dydz ^- + i j (1 - y - z) 1 + |(7 (s - ml) 


ms{qq)'^{ss) 


dy ^ + ^d{s-ml) 
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^ ll(ggsgGg) [{qgscrGq) + 2{sgs(jGs)] C 


46087r4 
msmdqgsCrGq) {sgsaGs) 


1 + -S (s-ml) 


Jdydz ^ 


1 1 

—I— 
y z 


46087r4 

msmdqgsCrGq) [3{qgsaGq) - (sgsaGs)] 
17287r4 

msmc{qgs<7Gq){sgsaGs) f , f I 1 




dy 


s 

M^J 
1 1 


dy 


138247r4 J \y ' 1 — y 

msUiciggsO-Gq) [9{qgsaGq) - (sgsCrGs)] 
17287r4 

msmc{qgs(7Gq){sgsCrGs) 


y 1 - 2 / 

,5 (s - ml) 


S{s- ml) 




92167r4 


dy {^ + ^)d{s-ml) 


( 68 ) 


Puuui^) Pss's ('®) |ms->0, {es)^{qq), {sggaGs)^{qggaGq) i 


— ^104 


- 10,0 

ruuu 


{s) = pL? 


(5) 


ms—>0, (ss)— {sgs(yGs)^{qgs(jGq) ) 


_ 1+y/l-iml/s _ _ 1-^l-Aml/. 

2 ’ 2/i 2 


(69) 

(70) 


-2:i = 


ys-m^ 


where / dydz = dy /J. dz, J dy = dy, yf = 

—2 ^ ml = /y/ dy dy, dz dz when the (5 functions 5 {s - ml) 

and 5 {s — ffil) appear. 
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